We present a density-functional scheme for calculating the orbital-dependent exchange-correlation potential using the virial theorem as a sum rule. In order to check the validity of this scheme, atomic-structure calculations only with the exchange potential are performed. The accuracy of this scheme is shown to be comparable to that of the optimized effective potential ͑OEP͒ method, while the computational workload is extremely reduced compared to the OEP method.
I. INTRODUCTION
The local-density approximation ͑LDA͒ of the densityfunctional theory ͑DFT͒ ͓1,2͔ has achieved considerable success in describing the ground-state electronic structure of solids in many cases. But, on the other hand, some defects of the LDA have been pointed out, e.g., the underestimation of the energy gap of semiconductors and insulators, underestimation of the exchange energy for atomic systems, and discrepancies of the equilibrium lattice constant and cohesive energy with experiments ͓3͔.
One of the promising methods beyond the LDA is the optimized effective potential ͑OEP͒ method ͓4-6͔. In the OEP method, since the exchange-correlation energy functional is explicitly expressed by Kohn-Sham ͑KS͒ orbitals, many computational tasks are needed to solve the OEP integral equation that contains the exchange-correlation potential. Therefore, it is important to reduce the computational tasks of deriving the exchange-correlation potential when the OEP method is applied to solids.
Some approximations have been proposed to derive the exchange-correlation potential without solving the OEP integral equation directly ͓7-17͔. Among them, the Krieger-LiIafrate ͑KLI͒ approximation is one of the most commonly used methods ͓7͔. It is known that the KLI approximation gives a reasonable result to the OEP integral equation ͓7͔. Although it actually reduces the computational workload fairly, the KLI approximation still needs heavy computational tasks if we apply it to solids.
In order to overcome this problem, we propose a method to derive the orbital-dependent exchange-correlation potential, which is more than just an approximation to the OEP integral equation. Our idea is quite simple. We start with the coupling-constant expression for the exchange-correlation energy functional. Our method is to derive the exchangecorrelation potential by utilizing the virial theorem ͓18͔ instead of taking the functional derivative of the paircorrelation function with respect to the electron density. Details will be shown in the next section.
The organization of this paper is as follows. In Sec. II, we present the theoretical framework of our method. In order to show not only the accuracy but also the calculation speed of our method, we perform the atomic-structure calculations from He to Xe. The explicit expression for the exchangeonly calculation is given in Sec. III. The results and discussions are shown in Sec. IV. Finally, concluding remarks are given in Sec. V.
II. THEORY
The exchange-correlation energy functional of the DFT is expressed in terms of the exchange-correlation hole xc ͑r , rЈ͒ as
where g Ј ͑r , rЈ͒ is the coupling-constant integrated paircorrelation function ͓3͔. Then, the exchange-correlation potential is formally given by
͑4͒
Our idea is to renormalize the second term of Eq. ͑4͒ into a * mkodera@hiroshima-u.ac.jp constant factor ␤ multiplied by the first term. Namely, we suppose that the exchange-correlation potential is rewritten as
The soundness of this approximation may be confirmed by the fact that the first and second terms of Eq. ͑4͒ have similar spatial profiles except for their magnitudes ͓19,20͔. In order to determine the constant ␤, we utilize the virial theorem of the DFT ͓6͔. It is given by
͑6͒
where T͓͔ and T s ͓͔ are the kinetic energy functionals for interacting and noninteracting systems, respectively. Substituting Eq. ͑5͒ into Eq. ͑6͒, we obtain
If the explicit forms of the energy functionals, E xc ͓͔ ͓or xc ͑r , rЈ͔͒, and T͓͔ − T s ͓͔ are given, then the exchangecorrelation potential can be obtained immediately from Eqs. ͑5͒ and ͑7͒. The orbital-dependent forms of E xc ͓͔, which have been usually used in the OEP method, would be among of the most promising ones beyond the LDA. Also concerning T͓͔ − T s ͓͔, some approximations have been presented so far ͓3͔. It should be noted that we do not have to solve the OEP integral equation even if we utilize the orbitaldependent expression for E xc ͓͔.
III. EXCHANGE-ONLY CALCULATION
For the purpose of checking the validity of the present scheme, we present in this section the expression for the exchange potential including the renormalization factor ␤ x . As usual, the Hartree-Fock ͑HF͒ expression is employed as the exchange energy. We have
The exchange energy is also expressed by
where x ͑r , rЈ͒ is the coupling-constant integrated exchange hole. From Eqs. ͑8͒ and ͑9͒, x ͑r , rЈ͒ is given by
The virial relation ͑6͒ can be divided into two parts, i.e., exchange and correlation parts. They are, respectively, given by
͑12͒
The exchange part can be derived by means of the technique of the electron-coordinate scaling ͓21͔, and the correlation part is defined as the difference between Eqs. ͑6͒ and ͑11͒. It should be noted that the kinetic energy functional T͓͔ − T s ͓͔ is contained only in the correlation part ͓22͔, i.e., we do not need to take into account the kinetic energy functional in the exchange-only ͑x-only͒ calculations. Thus, in the x-only calculation, the renormalization factor ␤ x is determined by Eq. ͑11͒. The exchange potential is expressed by
where
IV. RESULTS AND DISCUSSIONS
In this section, calculation results of the present scheme are compared with those of various x-only calculations. We make comparisons with the HF as other works of the OEP method usually do. We shall show the advantage of the present scheme from the viewpoints of not only the accuracy but also the calculation speed.
A. Exchange energy
In Table I , we show the calculation results of the exchange energies for atoms from He to Ar, together with those of the HF ͓23͔, x-only local-spin-density approximation ͑xLSDA͒, OEP ͓24͔, and KLI approximation. The present scheme improves substantially upon the xLSDA, and reproduces the HF energy as accurately as the KLI approximation. The exchange energies of the present scheme are also in very good agreement with those of the OEP method.
In Fig. 1 , we show the errors of the exchange energies for various x-only calculations. The error is defined as
where E HF is the exchange energy of the HF, and where E corresponds to the exchange energy of the xLSDA or KLI approximation or the present scheme. The errors of the present scheme and the KLI approximation are much smaller than those of the xLSDA. They are within 1%. This is caused by the fact that the present scheme and the KLI approximation adopt the exchange energy functional that is free from the self-interaction.
B. Total energy
In Tables II-IV, we show the calculation results of the ground-state total energies for atoms from He to Xe, together with those of the HF ͓25͔, xLSDA, OEP ͓25͔, and KLI approximation. Similarly to the case of the exchange energy, the present scheme improves on the xLSDA, and reproduces the HF results comparably to the OEP method and the KLI approximation.
C. Calculation time
In order to evaluate the computational workload of the present scheme, we compare the calculation times to be required for one iteration with those of the KLI approximation. In Fig. 2 , we plot the results of the calculation times. As the atomic number increases, the difference of the calculation times between both methods becomes much larger. For example, for the Ne atom, the present scheme is about five times as fast as the KLI approximation. Also for the Xe atom, the present scheme is about 60 times as fast as the KLI approximation. The present scheme is proportional to the square of the atomic number, while the KLI approximation is proportional to the cube of the atomic number. Therefore, the calculation time of the present scheme is reduced by one order of magnitude in the atomic number.
As for the total calculation time of the self-consistent calculation, since the present scheme is easier to converge than the KLI approximation, the present scheme also takes much less time than the KLI approximation. For heavy atoms, the total calculation time of the present scheme is less than the calculation time to derive the exchange potential per iteration of the KLI approximation. Also from these results, the present scheme demands much less numerical work than the KLI approximation.
These improvements on the calculation speed come from the difference of the expressions for the exchange potentials. The KLI exchange potential is written as ͓7,26͔
with
͑19͒
and
In Eq. ͑16͒, terms except the constant ones within the parentheses on the right-hand side can be expressed by using the exchange hole, such that 
͑21͒
This indicates that the difference between the calculation time for the constant terms and that for ␤ x causes the improvements mentioned above. Namely, the numerical calculation of the constant terms in the KLI approximation takes much time, while the calculation of the constant ␤ x is not so heavy even if the atomic number increases.
D. Renormalization factor
In Fig. 3 , we show the renormalization factor ␤ x for atoms from He to Xe. For the He atom, ␤ x is unity. As the atomic number increases, ␤ x decreases and approaches 0.7. This means that the sign of the second term of Eq. ͑4͒ is opposite to that of the first term and its magnitude is not negligibly small. These properties are consistent with the results of the direct calculations of the first and second terms ͓19,20͔. We can also confirm that the value of ␤ x for Be atom is almost the same as one evaluated near the nucleus in the x-only OEP calculation ͓19͔.
V. CONCLUSION
We propose a scheme for calculating the orbitaldependent exchange-correlation potential by introducing the renormalization constant factor. The effect of the functional derivative of the exchange-correlation hole with respect to the electron density is renormalized into this factor. Its value is determined by requiring that the exchange-correlation potential holds the virial theorem of the DFT. This method is essentially different from the OEP method.
In order to confirm the advantage of this scheme, we perform the x-only calculations for atoms from He to Xe. The accuracy of the present scheme is almost the same as that of the KLI approximation. As for the calculation speed, the present scheme becomes dramatically faster than the KLI approximation as the atomic number increases. It is concluded that the present scheme is easier to handle computationally than the OEP method. The important point is to reduce the computational tasks without losing numerical accuracy. Judging from the results for atoms, the present scheme seems to be effective in application to solids.
